Abstract: The problems of robust stability and stabilization via memoryless state feedback for a class of discrete-time switched singular systems with time-varying delays and linear fractional uncertainties are investigated. By constructing a novel switched Lyapunov-Krasovskii functional, a delay-dependent criterion for the unforced system to be regular, causal and uniformly asymptotically stable is established in terms of linear matrix inequalities (LMIs). An explicit expression for the desired memoryless state feedback stabilization controller is also given. The merits of the proposed criteria lie in their less conservativeness and relative simplicity, which are achieved by considering additionally useful terms (ignored in previous methods) when estimating the upper bound of the forward difference of the Lyapunov-Krasovskii functional and by avoiding utilizing any model augmentation transformation. Some numerical examples are provided to illustrate the validity of the proposed methods.
Introduction
Switched systems belong to a special class of hybrid control systems, which consist of a family of continuousand/or discrete-time subsystems, and a switching rule specifying the switching among them. Recently, switched systems have received increasing attention because the study for these systems is not only academically challenging, but also of practical importance [1] [2] [3] .
Singular time-delay systems, which are also referred to as descriptor time-delay systems or implicit time-delay systems, often appear in various engineering systems, for example, aircraft attitude control, flexible arm control of robots, large-scale electric network control, chemical engineering systems, lossless transmission lines [4, 5] . In the past decades, control for singular time-delay systems has been extensively studied and many notions and results in regular time-delay systems have been extended to singular time-delay systems [6] [7] [8] [9] [10] [11] . For switched singular timedelay systems (SSTDs), since regularity, absence of impulses (for continuous systems) or causality (for discrete systems), state consistence and stability should be considered at the same time, the analysis and synthesis of such systems are much more complicated [12, 13] and, to date, the corresponding results are relatively few [13] [14] [15] [16] . In the continuous setting, the robust stability problem was investigated in [14] by using multiple Lyapunov function techniques. In [15] , the stability and stabilization problems for Markovian switching singular time-delay systems were discussed based on delay-independent LMI. For uncertain discrete-time switched singular systems with constant time-delay, Ma et al. [13] solved the delay-dependent robust stability, stabilization and H ∞ control problems by transforming the SSTDs into switched regular timedelay systems. Based on the model augmentation transformation, Ma et al. [16] also studied the robust stability and H ∞ control problems for discrete-time Markovian switching singular systems with mode-dependent timedelay. However, there is much room for further investigation of discrete-time SSTDs. Firstly, the model augmentation transformation method used in [13, 16] is not always implementable as the dimension of the augmented system increases with that of the original system. That is, when the dimension of the SSTDs is large, the augmented system will become much complex, and thus is difficult to analyze and synthesize. Secondly, in [16] , the
was additionally introduced, which may lead to considerable conservativeness. Finally, for discrete-time switched singular systems with time-varying delay, the problems of stability and stabilization have not been investigated.
In this paper, we study the robust stability and stabilization problems for a class of discrete-time switched singular systems with time-varying delays and uncertainties. Different from the existing results in [13, 16] , first, the new criteria do not involve any model augmentation transformation, which often lead to largely computational burden. Second, a new switched Lyapunov-Krasovskii functional including the information of the range is constructed and some useful terms are not ignored in estimating the upper bound of the forward difference of the LyapunovKrasovskii functional, thus naturally, less conservative stability and stabilization conditions are obtained. Third, a new type of uncertainty, namely linear fractional form, is considered in the paper.
Throughout this paper, Z denotes the set of nonnegative integer numbers, C denotes the set of all complex numbers. I is the identity matrix with appropriate dimensions. Matrix M T stands for the transpose of the matrix M . For symmetric matrices X and Y , the notation X Y (respectively, X > Y ) means that the matrix X−Y is positive semi-definite (respectively, positive definite). He{A} is the shorthand notation for A + A T .
Problem formulation and preliminaries
Consider the following uncertain discrete-time switched singular time-delay system
are the system state vector, control input, respectively. {r k , k ∈ Z} is a switching signal taking values in finite set N = {1, 2, . . . , N}. The time delay, d(k), is considered to be time-varying and has a lower and upper bounds,
Note that the timevarying delay will cover the mode-dependent delay [16] , since the mode variation will be finally time-driven. φ(k) is an initial value at k. The matrix E ∈ R n×n is singular and rank E = r < n. For each i ∈ N , the system matrices are assumed to be uncertain and satisfy
where A i , A id , and B i are constant matrices that describe the ith nominal mode, E i1 , H i1 , H i2 and H i3 are constant matrices which characterize the structure of the uncertainties, J is also a known matrix and F (k) is an uncertain matrix satisfying
Remark 1
The above-structured linear fractional form includes the norm-bounded uncertainties as a special case when J = 0 [13, 16] and can describe a class of rational nonlinearities [17] . Notice also that conditions (4) and (5) guarantee that I − JF (k) is invertible.
Definition 1 [13, [18] [19] [20] The switched singular system
(b) causal if it is regular and deg(det(
Definition 2 [13] System (1) with Δ(k, r k ) = 0 and u k = 0 is said to be (a) regular and causal, if the pair (E, A r k ) is regular and causal.
(b) uniformly asymptotically stable, if for any ε > 0, there is a δ(ε) > 0 such that for arbitrary switching signal
there is also a δ > 0 such that for arbitrary switching signal r k , sup
(c) admissible if it is regular, casual and uniformly asymptotically stable.
The object of the paper is to derive the delay-dependent LMI condition such that system (1) with u k = 0 is robustly admissible, and design a state feedback controller
such that the resulting closed-loop system is admissible for all uncertainties satisfying (2)- (5).
To derive the main results, we need the following two lemmas.
Lemma 1 [6] The singular system Ex k+1 = Ax k + A d x k−d is said to be regular and causal iff the pair (E, A) is regular and causal.
Lemma 2 [17] Given matrices Ω = Ω T , H and G of approximate dimensions, then (3), if and only if there exists a scalar ε > 0 such that
Main results
In this section, we will first develop the admissibility criteria for the unforced system (1), i.e.
Theorem 1 System (7) with Δ(k, r k ) = 0 is admissible, if for each mode i ∈ N , there exist matrices 1, 2, 3, 4 ) satisfying the following LMIs
Proof Firstly, we verify that system (7) with Δ(k, r k ) = 0 is regular and causal. For this purpose, let i = j. Then, from (8) , it is easy to show
Since rankẼ = rank E = r < n, there exist non-singular matrices G and H such that
where J ∈ R (2n−r)×(2n−r) is any non-singular matrix. Together with (9), it is easy to see that
Pre-multiplying and post-multiplying (10) by H T and H, respectively, we can have
where ' * ' represents matrices that are not relevant in the following discussions. From (11), we can obtain that A i22 is nonsingular, which implies that the pair (Ẽ,Ã i ) is regular and causal. Noting the fact that det (zE − A i ) = det (zẼ −Ã i ), we can easily see that the pair (E, A i ) is regular and causal. Hence, according to Lemma 1 and Definition 1, system (7) with Δ(k, r k ) = 0 is regular and causal. Next, to prove that system is uniformly asymptotically stable, we rewrite it as
Construct a switching Lyapunov-Krasovskii function
where
Let the mode at times k and k + 1 be i and j, respectively. That is r k = i and r k+1 = j for any i, j ∈ N . Then, one can obtain that
Similar to the method in [21] , we have
On the other hand, from the two formulas of (12), the following five equations hold for each i ∈ N
Now, add the terms on the right sides of (17)− (18) and (19)− (23) to ΔV (k), it is easy to have
, then the last three parts in (24) are all less than 0. Thus, if (8) by Schur complement, then system (7) with Δ(k, r k ) = 0 is uniformly asymptotically stable.
Remark 2
In the proof of Theorem 1, we have not used the model augmentation transformation, which not only facilitates the system analysis but also decreases the computational demand. For example, considering system (7) with Δ(k, r k ) = 0, the number of the variables to be determined in (8) is (N/2+2)n(n+1)+16N n 2 +4N n(n− r). However, if we employ the model augmentation transformation method proposed in [16] , the corresponding number of variables will increase to (N/2 + 2)(n + r)(n + r + 1) + 16N (n + r) 2 . Thus Theorem 1 is simple from a mathematical point of view. On the other hand, when
to reduce conservativeness, we have not enlarged this to
Instead, we separate it into two parts,
treat them using different free-weighting techniques, respectively.
Remark 3 Adopting the methods proposed in [16] , the result developed in Theorem 1 can be easily extended to discrete-time Markovian jump singular time-delay systems.
Remark 4 If the switched system (7) only has one subsystem, that is N = 1, then the result developed in Theorem 1 degenerates into the delay-dependent stability condition for the following singular time-delay system
Moreover, if the delay in system (25) is constant, that is 1, 2, 3, 4) , then Theorem 1 coincides with Theorem 1 in [11] .
Theorem 2 System (7) is admissible, if for each mode i ∈ N , there exist matrices 1, 2, 3, 4) , and a scalar λ i > 0 satisfying the following LMIs ⎡
where R and Φ i follow the same definitions as the ones in Theorem 1, and
Pre-and post-multiplying the left-hand-side matrix of (26) by diag {I I I I I I I ε i ε i } and its transpose, respectively, we obtain
By using Lemma 2, (27) implies that
It can be verified that Θ i is exactly the left-hand side of (8) when A i and A id are replaced with (8), respectively. Thus, the result follows from Theorem 1. Now let us consider the stabilizing controller design. Theorem 3 If for each mode i ∈ N , and given scalars t i1 , t i2 , t i3 , t i4 , there exist matrices 1, 2, 3, 4) , and a scalar η i > 0 satisfying the following LMIs In this example, we assume d = 1 and choose R = [0 1] T . By Theorem 2, the system is admissible ford = 2. If we set J = 0, then, by Theorem 2, the system is admissible for d = 4. However, if substituting the switching Lyapunov functional (13) by that defined in [16] , it yieldsd = 3. It can be seen that our method is less conservative.
Example 2 Consider the stabilization problem of system (1) with Δ(k, r k ) = 0 and two modes, i.e. N = {1, 2} From Fig. 2 , we can see that the closed-loop system is asymptotically stable. Moreover, we set J = 0. Then, the system degenerates into that in [13] . Solving the LMIs (29) again gives the following gain matrices of state feedback stabilization controller K 1 = [0.920 3 0. It can be shown that the obtained controller possesses relatively smaller gain than that obtained in [13] .
It can be verified that (E,
A
Conclusion
The delay-dependent robust stability and stabilization problems for a class of discrete-time switched singular systems with time-varying delay and linear fractional uncertainties are investigated in the paper. The merits of the proposed criteria lie in their less conservativeness and computational simplicity. Numerical examples have been presented to demonstrate the effectiveness of the proposed method. For the problems of robust stability and stabilization for uncertain discrete-time switched singular systems with E having jump mode, we will study it in our next paper.
